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INTRODUCTION 


This report describes a way to add the effects of main rotor blade flexibility in the in- 
plane or lead-lag direction to a large set of non-linear equations of motion for a single 
rotor helicopter with rigid blades( 1). Differences between the frequency of the regressing 
lag mode predicted by the equations of (1) and that measured in flight (2) for a UH-60 
helicopter indicate that some element is missing from the analytical model of (1) which 
assumes rigid blades. A previous study (3) noted a similar discrepancy for the CH-53 
helicopter. Using a relatively simple analytical model in (3), compared to (1), it was 
shown that a mechanical lag damper increases significantly the coupling between the 
rigid lag mode and the first flexible mode. This increased coupling due to a powerful lag 
damper produces an increase in the lowest lag frequency when viewed in a frame rotating 
with the blade. Flight test measurements normally indicate the frequency of this mode in 
a non-rotating or fixed frame. Note that an increase in the rotating-frame frequency 
corresponds to decrease in the lowest fixed-frame frequency (fixed-frame frequency = 
rotor speed-rotating-frame frequency). This fixed-frame frequency associated with lead- 
lag motion is often referred to as the regressing lag frequency. Another frequency appears 
in the fixed frame also associated with this rotating-frame frequency. It is the sum of the 
rotor speed and the rotating-frame frequency, and is called the advancing lag frequency. 
This frequency is usually above the bandwidth of the flight measurements and therefore 
is not considered further. The predicted change in frequency obtained by including in- 
plane flexibility brought the predicted value into good agreement with the measured 
value in (3). However, in this earlier study, this improvement was not incorporated into a 
complete set of equations of motion. It is the objective of this study to include blade 
flexibility in a full set of equations of motion and to compare the results with experiment 
for a different helicopter thus providing additional verification of effect noted in (3). A 
different explanation of this discrepancy is provided in (4), where it is suggested that the 
frequency difference is a result of a spring around the lag hinge. The spring would of 
course raise the rotating-frame lag frequency (thus reducing the fixed-frame frequency). 
Since there is no experimental evidence to suggest that a spring moment exists about the 
hinge on the CH-53, this explanation does not appear to be correct. 

The importance of this modeling improvement is related to the fact that the regressing lag 
mode of the main rotor places limits on feedback gains that can be used in the design of 
flight control systems (5). It is important therefore that the characteristics of this mode be 
modeled accurately. 



This report presents the additions necessary to the full equations of motion, to include 
main rotor blade lag flexibility. Since these additions are made to a very complex non- 
linear dynamic model, in order to provide physical insight, a discussion of the results 
obtained from a simplified set of equations of motion is included. The reduced model 
illustrates the physics involved in the coupling and should indicate trends in the full 
model. The simplified model suggests a simplification in the full model. 

This final technical report describes work currently in progress. Appendix C lists the 
publications and reports that have been prepared under this grant. 

DISCUSSION 


Full Model 

The full model here refers to the additions required to the equations of motion presented 
in (1) to include in-plane rotor blade flexibility. The resulting equations of motion are 
presented in Appendix I. The notation follows (1) and Figure A-l shown the geometry 
involved. While, in general, the flap (out-of plane), lag (in-plane) and torsion motions of 
a twisted rotor blade are coupled, it is considered that a reasonable approach for the 
problem of interest is to assume that the in-plane flexibility can be considered without 
including the out-of-plane or torsional flexibility. In this initial approach, the numerical 
example is based on the in-plane stiffness at zero collective pitch. Certain details have 
been omitted such as the reduction in effective in-plane stiffness with increasing 
collective pitch. Also, only one flexible mode is employed. The results of (3) indicated 
one flexible mode should provide a satisfactory result if the mode is suitably chosen. The 
equations of motion are formulated so that it is a straight-forward process to include 
additional modes and their degrees of freedom. At some point in this investigation the 
effect of adding modes will be investigated as well as a more refined treatment of blade 
flexibility. Much insight can be gained concerning the importance of these refinements 
by using the reduced model described below. 

The method of assumed modes (6) is used to develop the new equations of motion 
relating to the flexible motion of the blade. One flexible mode is introduced for each 
blade. A single coordinate, the tip deflection, describes the elastic deflection that arises 
due to flexibility (Fig A-l). The deflection along the blade is described by a mode shape 
which is assumed to be known. Selection of this mode is discussed below. These new 
coordinates (one for each blade) result in an additional number of new equations equal to 
the number of blades. In addition, there will be new terms added the existing "rigid" lag 
equation for each blade (pg. 5.1-31 of (1)). Note that these equations referred to are all 
written in a rotating frame (i.e., moving with the blade). At some point in the analysis the 
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motion variables are converted to a non-rotating (or fixed) frame by the multi-blade 
coordinate relationships given on pg. 5.1-19 of (1). Similar relationships can be used for 
the new coordinates corresponding to the flexible deflection. See Appendix I for the 
definitions of quantities from (1) related to the problem of interest here. The primary 
effect of these additional degrees of freedom (associated with blade flexibility) on the 
helicopter motion is expected to be through their contribution the in-plane inertial shears. 
Typically, the aerodynamic forces associated with lag motion are relatively small and 
may be neglected. In adding terms and degrees of freedom to a very complex set of 
equations in seems highly desirable to proceed in small steps, by adding a few terms, and 
then interpreting the changes before proceeding to add more. At some point, all the 
aerodynamic effects should be added to the equations. Appendix I provides the details. 
The aerodynamic forces on the blade would primarily be affected by the additional in- 
plane velocity due to flexibility. 

The flexible mode shape employed in the example is selected to be a cantilever mode. 
This is shown as a good choice for the problem of interest in (3). Physically it may be 
noted that in the limit of an infinitely strong lag damper, the blade will be a cantilever 
beam. The rigid motion can be considered as an articulated mode. When the lag damping 
is small, the cantilever mode will combine with the rigid mode to produce two modes: 
one is approximately the rigid mode as the coupling is weak when the damping is small; 
the other is an approximation to the first articulated mode. 

It may be noted that the flexible blade equation is not used in the form it appears after the 
derivation. It is combined with the rigid blade equation so that a simplification is 
possible. To summarize, the full model involves : 

1. Two terms added to the rigid lag equation (A-l) 

2. One new equation for each blade (A-3) 

3. Terms added to the inertial shears (A-5) and (A -6) 

4. One term added to the blade velocity (A -4) 

5. Correction of an error in (1), in the inertial shear (A-7) 

It is suggested that the initial approach consist of adding items 1,2, and 3 (in a simplified 
form (A-5S, A-6S)). Once these additions are producing satisfactory results, the other 
additions can be made. Also, investigations with the reduced model suggest that the term 
in (A-3) proportional to the flexible lag acceleration can be neglected. This simplification 
is called the "quasi-static model" here. Note, that the flexible lag acceleration term in (A- 
1) should not be dropped. 



Reduced Model 


In order to obtain some understanding of the physics of this problem, and to have an 
indication of the trends to be expected with the full model, a reduced or simplified model 
in presented in Appendix B. This reduced model is used to investigate the variations in 
the frequency and damping of the modes due to changes in blade in-plane stiffness and 
mechanical lag damping. This reduced model is obtained from the full model based on 
the following assumptions: 

1. Aerodynamic forces are neglected. Only the effect of cyclic pitch input is retained as 
this is a significant source of excitation of the lag motion. Generally, the effect of 
aerodynamic forces are small in the lag motion. This is, of course, one of the reasons 
for the mechanical lag damper as the aerodynamic damping tends to be small. 

2. No body motion. The coupling between lag motion and body motion tends to be 
weak. 

3. Flap motion may be neglected. This assumption is satisfactory for our purposes here, 
but should be used with care. There is significant coupling between lag and flap 
although generally the frequencies are not significantly affected. 

4 . Constant rotor speed. 

5. Lag and flap angles are small so that the equations of motion can be linearized. 

These assumptions lead in the rotating frame to a set of two linear second-order 
differential equations describing the coupled dynamics of the rigid lag motion and the 
flexible lag deflection (equations (B-l) and (B-3)). A fourth order system is obtained as 
shown in Appendix B (B-l", B-3"). Numerical results are presented using the mass and 
stiffness distributions listed in Table B-l which approximate the characteristics of the 
UH-60 main rotor blades. Mode shapes correspond to rigid lag motion and cantilever 
bending. When the lag damping (D) is small (less than about 5 for this example), there is 
only weak coupling. The rigid mode is little changed by the addition of the flexible mode 
and the there are two lightly damped oscillatory modes : one near the rigid mode( 7 
rad/sec); the other is the articulated mode(154 rad/sec). As the strength of the lag 
damping is increased, the modes are altered. The low frequency changes are shown in 
Figure B-l a, a root locus for lag damping (D) increasing from zero to 25. The increase in 
lag damping initially causes a frequency reduction as would be expected (to 
approximately D=1 1, the value indicated by Forecast results), but as the lag damping is 
increased further, the frequency becomes larger than that of the rigid mode, as the locus 
tends toward the cantilever mode ( at 22.6 rad/sec). Figure B-lb compares the one- 
degree-of-freedom rigid-blade model (B-3R) with the two-degree-of-freedom model. 
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showing the modal frequency and damping differences as the mechanical damping 
increases. Compare the large difference in the frequency and modal damping at a lag 
damping of D-12 (Figures B-la and B-lb). If the stiffness of the blade (H=F2) is 
reduced, thus lowering the cantilever frequency, this difference, a result of the coupling 
between the rigid and flexible modes will become more pronounced at lower values of D. 
Figure B-2 shows a root locus for variation of the blade stiffness parameter (H=F2) which 
is proportional to the in-plane stiffness of the blade. With F2 at its estimated value (445), 
the lowest mode is very close to the rigid mode. As F2 is reduced, reflecting a decrease in 
the in-plane stiffness it can be seen that after a small range where the frequency 
decreases, the frequency of this mode increases, and the damping decreases. For values of 
F2 below 300,there is a significant frequency increase, and the modal damping is very 
small at F2=50. This trend should be evident in the full model calculations. 

The reduced equations can be further simplified by noting that the coefficient of the 
flexible lag acceleration in the flexible lag equation is small. Neglecting this term makes 
little change in the trends shown in Figures B-l and B-2. The sketches in Figure B-3 
illustrate the branch of the locus that is neglected. The flexible acceleration term in the 
rigid equation however cannot be neglected without significantly changing the trends 
shown in Figures B-l and B-2. 

The quasi-static equations of motion are also presented in a fixed or non-rotating frame 
on page B-6 (B-3F). 


SUMMARY 

A method is presented to add in-plane flexibility to the equations of motion for a single 
rotor helicopter with rigid blades. A reduced set of equations of motion is included to 
assist in interpreting the effects in the full equations of motion due to this addition. The 
sensitivity of the results to certain simplifications made in the approach, not considered to 
be of primary importance, should be investigated. Specifically, limiting the approach to 
one flexible mode should be examined. This can be done with the reduced model. A 
refined calculation of numerical parameters such as the in-plane flexibility, to include the 
effect of collective pitch and twist is desirable. 


REFERENCES 

1. Howlett, J.J., UH-60A Black Hawk Engineering Simulation Program : Volume I- 
Mathematical Model, NASA Contractor Report 166309, December 1981 

2. Fletcher, Jay W., A Model Structure for Identification of Linear Models of the UH-60 
Helicopter in Hover and Forward Flight, NASA TM 1 10362,August 1995 


- 5 “ 



3. Hong,S.W.and Curtiss,H.C., An Analytic Modeling and System Identification Study 
of Rotor/Fuselage Dynamics in Hover, AHS Specialists' Conference on Piloting 
Vertical Flight Aircraft, San Francisco, CA, January 1993 

4. Aponso,B.L.,et al. Identification of Higher-Order Helicopter Dynamics Using Linear 
Modeling Methods, 47 lh Annual Forum of the AHS, Phoenix, Az, May 1991 

5. Curtiss.H.C., Stability and Control Modeling, paper no.41,12' h European Rotorcraft 
Forum, Garmisch-Partenkirchen, Germany, September 1986 

6. Meirovitch, Leonard, Elements of Vibration Anslysis, Second Edition, McGraw-Hill 
Book Co.,1986,pp282-285 

7. Curtiss,H.C., Physical Aspects of Rotor Body Coupling in Stability and Control, 46 th 
Annual Forum of the AHS, Washington,DC, May 1990 



22-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


Arpcsitn'iC A 

Pull md'de'L- 


EsjOAnoW o Ifi uas tkjo hew) - r£i2»AS ( ps s>. \ ~3\ 'j 


V*fr B 


r r 7 r a i r * Mifo I _ Mla & 

L v i i>] L Wp Jxe. LV^] ib 


^ te ~ V«?is Fl 


Di^Di£t2LLU4EVi TtW'^ * 

%« 

HfeW fcfljtfA'noN ^OR. 5"p ^ Tott. E & cw SVA05 


AS -Dfc£\lliSO • 


s; c « 


s [F*i*i«[=(v4 


+ ^ [G] - ’ 

t>Hi 




» • 

ir’»s to use. M^orwEa fo^m fo(b.tuU fc<&otfnort ,e-eiATeo ^ : 

I k o \ _ H / K n \ / A I \ 


lA-3) = - (A- 1) 

ruo. 


V4^ 


3 b «sf 


Myt. 1^ tOSf] 


+ ^ — t 4 

Ib^fie * 


f^U_o V ^ ^UQ 


HbO. 

Mia 


(sm^xs Ufo-A-T)) 


•Vsl 




(A- 0 


22-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


A^>D 04 £ 1WPV.V &NC£ Of PU^MSLH H Vb ICP\\V T*0 TJF-jj- S-l-l/l) • 

&U .- ( «««-«= S5« E «- 1 £ f 0 <; g / A 


tP®.# St;4lVlf(vr 


S l t 




M 


**t> td 'we«r\ftu suba^s : (|> G 5i1 ' 33 ) 

Ar Vl = M b J»s^ (ii f (n.-n) * S p & 4i^ P 'S) 

*suS ( S'p S F - a(n-r s ) ^ ‘S 

- S P ? )1 (a "5) 

J IB 

A^xi = j* tos^ ( " Sp +(^v- r s^ Sp +/ i (n-v s ] S" 

■f £p(£\--V s ) + Z*^F % 

• m;] ( ft - fe ) 


# 

IW ^tJDmorJ TU£<IB AM Efc?-OR. iVl tNfcLT>&B SU&&E. £WR£$CVO/0 

»*4 CR. bb 30 e> * TUB FoaovoitiG ffclUAS ACJ* 'N\iss‘h 44 .* p^ S.WS 3 

[" ( ^te ^£a * (^s 

+ tos ^ sua^ ( ri-r s )j (A:*")) 


TUUS TUB FOUL MOft£L IHVOLVeS ** 

l.) WDt>jHCv 'L*re<ms Tt> tub ex\sriuc t\d\Ck t$um&£ b-qjatwn^ e(QNl( A-l) 

l.\ KBVO EOWi^OKl^ OF MctOonJ S’p ,eOKl(p\-3) 

B} AbTltNC TEm TO V/BUXHYj e<DNl (At ~ 4) 

‘fSR-\AS TO lM£E.~nAU_. 5 U£&ft$> , BO^S (A * 5 ) 4 n 0 (A-^ 

do^atcx 5 UE Bagy&TVoO , ea?rJ tA -1) 


(A-2) 


22-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


siwc.6 a'» s co<n9vi¥- , A- * step avvaoacw 

K T>&S\£A£Uc-* 


P\e^i . 

(W MDD TI=eM£ TD tU/lJ l A ' 1 ) 

(la.) ATiO e<GUAD0Mi (A“ 3) 

( c!) M>T> 'SmOUFTtXi FO$-V\ OF k-s'J (t\-Q 

A^ r = M kl ( iktin-rs)) (A-BS) 

SECOND 

d-V) VUV-L SU^A.C-Tt'K.VK< k K.'E.FVAC.E (&-SS) 

/\UO CA-GS') ^ (^-Sl 

TU>kx> , , > 

€.,.,\ do R-rcecr \NSTCn/^c sufe^o- [h''} 

kTaD TfeVLTA TD n\At5"£- V£kC>C\TM ( A - 4*) 

d.') , e.^ *«« ^J3\ 'swoo^ ^•e.^’ocr onl^ sw^u_ c.u anc&S • 

v^orgTvotsl ^ . 

f E Y 

-tosSce ^ V/ Xs SuW'is + ^s tos ^te * «(d-iVVy S.I-& 

(£, = s -^- f riBi, (^-V S ) 

wji, ( r» 

-p t «.^ + sOvlr t -^ 1% 

4 -1 [w* Sjj (<\, SvAf a - Ps ) 4 

t« ( ps SUA^tB 4(^s 1 °S v Vib')'1 

fcEOG'O HNfitfUC TETC-tAS 


(m 


22-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


•Labi 


*^2$, r - 


N EX) TECAA 


to^A- 3 ) 


^-EWE2- QP ^ECxi/t^jcr 


~ ” ^18 * ^18 4 a 


BlAtlE u^unsE QtPuEcncP 


dx$ 1-A4 AW&lE AS OtviivlEfc (pA ^.1-8) 

^p X fi DEru&cno^ (see Fig M) 

^ - 1 £Yti\Q tA 05 )b ■SMApg O — »"5 ) 4 } , ^ ^ ~(^~ 5 ) 

<|\ = CANTILEVER. M0D£SMAP£ 0 - s i < ^- 2 =0 ’< ^ 

s - u>Nre °^^ T /Er <k = * (tt)" 3 (fr) * 3 (rrff 

^LLO M50+AU1CAE LACs t>AYf)PER. . dEOMgTE>j T)£TlNg£> Qt 4 p(>S>\0. 

(LW AKLAcTgfc\-ST\CS GWEfV ON S.l-SS(St, • NOTE. 'THAT' VECJ\ c AU 
“SCALE \s WTZOW6 . IT* S^OtfLQ Y2.EAO FL&MK.X.ID ‘ , l’.<| 
M/»nw\v>rA T2.gAD\t)G ON ‘S.I-^S ^ AKoOT COO U3S. Ta^jlE 
oiJS.V-bAr OVL, » 

= VoJ^-x- 'Btanyfc YLuUNVkK TVIftSS X 12.-,- 

r 1 

Hij - Kt ^ <*>•>;<**• ’'*£ 

Jo 

.t / J ** t 

K'l] - II <Jp; 4 ?' i Ax. a T£(<\-Vs)[ »* 4 'i^^* 

J ^ . ' J s J * 


s 1 

J 


- Yn<fc; 4 >;i-V- 


eUSnc TEPM 


dE*s)T^Y=VGAL- SUfFEW^C 


wtfre that i^o-u_uodsE sma?eS SEtecrgo : 

H tt ® poeL A p?V\>AWVATtc. tsAASC OTkwO 

-ru'^ v; vjc 3 r <s*v)YT& tyloe FocL-wum^m^ ue^<v\ 9 1 £ 
(Mu VSEto \ftl CAVCU^TioA) OF KljX^OTLEmwj^g is 
osei> 


*-0 


22*141 . 50 SHEETS 

22*142 100 SHEETS 

22*144 200 SHEETS 


tUSncttV AP9S40S OTmLY l #0- 

K u (rx-v's'f" ' s 1 ^ mass momejot 

NOTt THAT" 

Km j C.ewrfc.irJsAu -snFFevj'ir^ owO{. 


A I 

^ t)2. ~ ^*T" ^ ^2.^^ 

v. 


C.ofY\PA(Z.E : 


M|| - ItlX.b SUX1 -FT* - 
K„ - \03.8iOj w-v&S 


TZ-feFEKfetiC&G) 
eM b trf~= 108.^^ FT-CQ5 


( wtse SMouoa n*>t Tut . vAftss 'D\s'nt^or»oJ Aepci'-Yw/mb^) 

V JlELDi SMQLC DIFFERENCES 


^t^OU'\NC l TEltUS A.Kt: 

M„ - \ til, lo -SUJC-fT 

« \0nb.4 SUXi-**** 

Kx ^Mu = \4\3.S SUXF*T X 

K,» - \03.8ifL" *t-v*s 


£h= 'Ll **%&_, 


CF STIFFENING OMLY 


Kxx- 4 *'0 + 314,3 &V * feUSTSc +C-P 

Kxi ■» Kn. - *32, ST) iTb* FT-HS <lf stiffening on^ 

<«&S£- APS (N AfPtr^b\|LS < TABLE B-l liVfs MASS ANO 
stiffness •Dima^vmotu ys£fc. 


CWtCK WOmetVLS wvw \W\FO«-tA 
se^a^cr*. 

A = !2° ' * 53.3 




V'AOKt 3 T\JO VsJ 

/Ik. -- it.T 

I M /\ L ‘^3 


MOM - T^UT>T-Vn(a VaCVT OWW 

iv <-* * 

— — c 2 t>0. [ ON\Pott.rv\ CAWTilENtfu 1 ^ 2.1 

M*. A • 

1 EUSTK ow^ 


3 <4, 3 

\i~lb>V 


Tsoutuujexjl CCfeFf 

~ .X^-b y YN 3^2 


Q^-S) 


22-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


AFP B 
^EWCt-O MOOFL 


ASSFu?ri6rJS 


q.^ Fot?ce.s NJgotFcre'O 

^UB ~0 } M US'! ~o 

KSOKMAL-U^ TVltSg PPOOOC£ ft S tvA A U_ LA4 Tlftrftpm^ 

b,) WO ^ 00 ^ UOTlofs/ 

^ * 

Vx. - V v/ , = r,.-r, : o s -.p,.-t=p, 


- r, » 




C/} WECL£CT Fl&P MOT>0>V f FLAP ANGLE SM&LV— 
^>5 “ O , ^OS Ps «i , SU/V <^ s s ^> 5 
<L) OdF STA NT T^o'TbfL ’Sf EE.'D 
ifli* O 


la^ angle srv\AU_ 

SWA S^g =r <5^ 

coW5^ofets/n_Y 

Y** s - 4 - <^XB 

G = o 

ALSO NOTE- - O 

uw&jwuze Mlu> 

t>AWpBtF ICINEMATICS Pi, 5.1- ^>0 U weaaiT.'Bft - 

SSjYi 

T)A«n<?PL. tft4P PS ^.\- Sb ^ 

slope n»nv owi« = in,s UB %»/ 

2> x 7 ^c 

r -td tr 

i^?s'-C 3 .»s) a 3 i =-i 8 ss w -js^ 

3 3 *. *. d * 25 i8 A w 0 A e <.. 

l-Mo«B0r MU4 jv>* ^eo« S.\-30 

(«-A 



22.141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


p. \ ^H lud . M - > 

•btNoTt; • > ' 1LLD p - - °l 

Ib^Srs 3 =t» 

\wov* -TK-es^ assumptions : 

On) (A -l) T^tCOiYieS 

3; _ _ eH s ^ n < * 

^XB ~ — = — °ie ~ ^ ^Xs - " 


1} = S/i v\lQt.\ TsA 

QAV.c.uuvao'i'J 


^ ^ To -I 

— 4 xb t $i 0 (B-l 

-Lb J-fe 


(B-i^ \S lit&UCfcO YtOS\O»0 o(- (A-l) 
Ed^VJATiOKj 'S'E^OT’AcS 

4 ^ __ ^ ^ l 

^ VW 


( 8 - 2 ) 


feCftUATVaJ M) •sttowe^ 




Ka 

Mu 


D i 


fNT(Z5iO0C.£ A. t^orz.t COMPACT NOTA.'no/’J !- 


+ - cr ; o» 

I b Ht “ 


tu 


(b-^ 


M = 

Mtx _ 

Mix 

H‘T- 

Mu 

H * 

l4lX 

fcx 

Mix. 

lb 

3 = 

tn _ 

K«. s eHs^ - 


1*> 

Mix I b 

? = 

Mv2_ 

lb 



fc*. 

Mix. 


(B-2} 


22-141 SO SHEETS 
22-142 100 SHEETS 

22-144 200 SHEETS 


Fia. 

Ib 


— vy ^ 

KlOTB TU & T 3 +p- = R\6<0 TSVAOB UW£00?USO 

/ Ll 4- Q x ^ 

i ll Z-Z W U> c Ca wnUE-V - 

CompAfl^ s. kjotat*qa 3 I -T1-1 QOO £ - maV L. 

u = fz STlFFNfe^S S-£ K\A~JDU_ COfJTQ.\ U OTO ft. j 


_ - FS Kl =0 <tw>i -jrAnc ivxoofcc 

f 

O *'s uwis^wieo Fk 

f = p-f - -e£L £ie '•> rrewCfcCl 5A ^ t 

J = F 3 * ♦ V 5 - F 8 

QVJASI static 6$>m 

■bFu^ c ^ F3 v h ^ ^ " PCs - F8 v )y^ 
£*1 - &UfvCfoHNfttfU(.£ 'StT ~q -^B^ocer* wooeL. 


o^uA’ii -TiaT»c 


i. 


+- D ixe r ^ ^xe)/^j 


S, ’(|‘lf 1 'I] S « * °^)/n 


tNTCQAOCUJG NfcW NCTATIOaJ 


5 U -(3-|V» -t>*» - Pii. -<? 5®^ 
N i,.= -H&. * 3 Su *D Sa ' I'- 3 ') 


(«- 3 ^ 


22-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


NoTHJG TVU7 ~V ~~ Lot >CC CKU^AUiUKJA 

P 

&r» + + U I le «■ p Kto + Q *«* ' ° U-1" 

-D 5^ - -3 S u + Kl 6^ * H S CI0 *o Ir -3 

W fiia KJ ~0 (VS - Z ) a-e ovj cts to Qua si - on c of & 5 * 

\Ni THAT TUt UN££^7.fe'0 <iQK)S 'l CoOPUcO 

eecono oiAQ^a_ crauAnoWX . CB-\ W ) (TVV) 

osiwa vaults i^x\ ^ , UCC woT ^ U ‘ S ;^ 

'PoO. Vft-S.iAVS\Jc V\fkS5 I ill t'TYU>\C \ l\- n-^0 


M - .0\8®) 


p-^^3 


VI- 444V <$) = A4.15 5E(h 

SEC 

"3= 2. Si- r^-a. 7\HS VftVJUE VwAS TAVLtN “TO WVfiTtU 

-*_ eC a poflECA^r, TT'ti A^oor TW\Cfe TUt^ 

uJr. ~ S0 ‘ C'fec') UNe&«u7.eo vau>£ T>EVEco?tE£> 

vwits Vl^ Z-Z. 


rAvanG ■m'G Laplace -n^wsPofLM 


) 


U- 


li 


s, 

(s a 4 -Dsh lO^j -o fcv&'io U4 CMA&Actfifcisnc 9«>u£no*) 


~ 

' ( S" 4- t)S 

(?s^ -vQ) 

(-Ds-J) 

Tms - + W) 

* 


- o (e-si) 


■eooTS -S.4t-1.Slt. i"ii=0 + 1.07c (B-3R.) 

( H s 1 * 4-W y o ^pt ^ \sr 

'Su<o&, 
i:\S3l vt\G,\A 


F(jeilKl£ N\oQ& A(C0CVIAT6S) 

PK.6CQUENO^ 

<SooXS OF- rovk.. S t 1 < FP£f/\ No TiAfAP^ 

( + u>£) ( n ^4. h) +3(Ps l 4<a^ 1 \S4t J ±1.07i 



22-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 


(LLOSB ? TD UNC<WPL60 Wdfi E5> 5 \JC.Ca£SST WSAIC C4\?$>UtJ£. 


WlTV 


b— (0,5 Tlocrnr are -SOO.^ -"9)0.1 


TiArripWC U STW)/0G 
ow U ] ~P(Leao£WW vv\c*}£ 

<vn^ also c u amo e$ iuii n rv\cr}£ 


- 1.8 t 4,07» 


fixxOT UjcoS ^ Va(v^ 1^) j \4 

(s^4 Ds-ioj^')(h$ l + H) +('Ds-v3)(( 3 5' , '-+Q') 


At) $ ( M -+ P W + 


(B-4) 


+ A V| £ x^” 4 - T) S -*- oo (e, J — O 

“R^\a \ Ci TSVAfcS t^PflLOACU^ U\£tQ 

&D -* oo noorisecow\es ■ so Ckt^n^ev/feru 

Rt£<jJfcN©< i t lu 4 ($ 


-«i-K 


M chives <$uas\- static utiuctr Tft/*r uw 

Twe~UwSU TnUE$UfcM(tf , TUE SSSteiVA VS ;<Rgb'QCE& 

pfcOtA -POVJWW O\L0fevV_ TD TV4 VO.IQ OVUOBA_. 

H -0 foUASi- STATKl C . U AdjiCT & 0.\<>T \ C ZiS^I, 

{*+})[* + p) ^ (* = o (8-S) 

^’ c - W = O eocrrs • - X * F &. *; 

O >1p L 

H = *%\mt . 

USWCk EQVA'TVOV'J PUACE cf Ki ^ 

S\CkN lF\CAtsff\>^ IWKtiG-Z rttE MOOES OF \MT'£UJe'?T~- 


(»-S) 


22*141 50 SHEETS 

22*142 100 SHEETS 

22*144 200 SHEETS 


: , *jv')T ;Y Q, u AS i -ST I T1 (_ j 


12oT ATT 17 u MclAOT.S 


( -V D S 4 0,7 ^ ( P# 4 Q j 

(-DS -3) H 


U 1 


IB t 

{ " O 

Ha 1 


(B-3QS) 


r4\KJD OO-OSO- OKJt lZ.efiiU UCtoT +• CSC\UATD0*-( 04oT$ 


A 


cr c +i oD 


CriJEO Fi?W*Vc (oOfcVi-ST-.O 

s^t os - i^-^) (is+d)^ -iPJis 

-Us+D)^ (s^os^(ot-se) Iftns Ps x + (a-P^) 

-DA) Hi 

- (Os +-3) 


- (Ds *3) 
O <Tb 


H 


*3^ 


PG 3.\-\^(v) 


^ 


> 


A,u 

b 1l 

Aif 

(B-2>f) 


(\ 1L = 1 2 ^le'^as f\ lF -?- Uis^ 


6a ' £^^8 


I a' |. g ^H 6 ^+ a 


S^vprw ogjaeu. ^h steca W'TW cukeGOfetu^h cTvao«s 

"tnSVj 

Hv 3 \ 3 (u) v + A.Y« 


AOVa-fJCvNC t^4)t 


fl. t. vu3fc) ^ “ T t t. (ll-UJf:) » VeatttSClNC* 


M<$e 




22-141 SO SHEETS 
22-142 100 SHEETS 

22-144 200 SHEETS 



'£) 


O - .0*5 

.03 

.10 - .14 

,43 

.IS - .2*1 

- S7- 

.23 - ,b3 

1,00 

. b4 - .8t 

•6<j - 

.87 ~ 1 00 

,60 


£1 - 5.8 *<0 ub-ft 


TA^Ui 8“1 V&<OAV>on> 

pf T2L0NWIN<\ MASS CU0ftJDUJ\4e SriFPNes^ 









1 MWvINA 









1 



t2gm_ 



23-141 50 SHEETS 

22-142 100 SHEETS 

22-144 200 SHEETS 



' . . ff * 

-STATIC AST urn On 0/0 A anCUtATOCi W^OB 

ano PtfM a~ U'tOH PfL & ZU £ NO {, • rue LOO 'locos 

15 C-UAKXitEb N/E 0-^ UTTL’ET . 

As TV 1 E. C-ANDU-veTU nvoAE U TfET>VXJE.TS 1 ^ j 

fufc fePFe^r of increases* oma©^*& c.aos\mu fttJ ^ 

l'N£ftl=A«5E. Ui nilcQOEVJ^ T3tcoivitS m<KU& APPHfeWI 

tzauxib ; ^ r3 : • i • 

jStfTCAiE-X OF - l CV. 4tJ A U(l(ig(L 

SCACt TO S^rOuO ' U 10. tt - FiLt^OetJ^ fOCVO^ 


Ce-u') 


Appendix C 


Publications and Reports 


The following is a list of publications prepared under this grant: 

Journal Articles 

1. Hong,S.W.,and Curtiss,H.C., An Analytic Modeling and System Identification Study 
of Rotor/Fuselage Dynamics at Hover, J. Mathematical and Computer Modelling, 

Vol. 19, No. 3/4, February 1994 

2. KellerJ., An Investigation of Helicopter Dynamic Coupling Using an Analytical 
Model, J. American Helicopter Society, Vol.4, No. 4, October 1996 (Lichten Award 
Paper) 

3. Amold,U.T.P.,Keller,J.D.,Reichert,G.,Curtiss,H.C., The Effect of Inflow Models on 
the Predicted Response of Helicopters, J. American Helicopter Society, Vol. 

43,No.l, January 1998 

Conference Papers 

1. Curtiss, H.C., Physical Aspects of Rotor Body Coupling in Stability and Control, 46 th 
Annual Forum of the American Helicopter Society, Washington, DC, May 1990 

2. McKillip,R.M., Curtiss, H.C., Approximations for Inclusion of Rotor Lag Dynamics in 
Helicopter Flight Mechanics Models, 17 th European Rotorcraft Forum, Berlin, 
Germany, September 1991 

3. Curtiss,H.C., On the Calculation of the Response of Helicopters to Control Inputs, 18 th 
European Rotorcraft Forum, Avignon, France, September 1992 

4. Keller, J., Kothmann,B., Hong,S.W., Curtiss,H.C., Modeling the Inplane Motion of 
Rotor Blades, 5 th International Workshop on Dynamics and Aeroelastic Modeling of 
Rotorcraft Systems, Rensselaer Polytechnic Institute, Troy,NY, October 1993 

5. Curtiss, H.C., Some Modeling Issues in Helicopter Flight Dynamics, 20 th European 
Rotorcraft Forum, Amsterdam, Netherlands, October 1994 

6. Kothmann,B.D., The Effects of Blade Flexibility on the Control Response of 
Helicopters, 21 st European Rotorcraft Forum, St Petersburg,Russia,September 1995 

7. Keller,J., Curtiss,H.C., Modeling the Induced Velocity of a Maneuvering Helicopter, 
52 nd Annual Forum of the AHS, Washington,DC, June 1996 

8. KellerJ., Kothmann,B., Curtiss, H.C., On Aerodynamic Modeling for Rotorcraft 
Flight Dynamics, 22 nd European Rotorcraft Forum, Brighton,UK, September 1996 


C-| 



9. Curtiss, H.C., Aerodynamic Models and the Off-Axis Response, 55 th Annual Forum of 
the AHS, May 1999 

Reports/Theses 

1. Curtiss, H.C.,McKillip, R.M., Coupled Rotor-Body Equations of Motion-Hover 
Flight, Princeton University Technical Report 1894T, Interim Report, NASA Grant 
NAG 2-561, June 1990 

2. Jensen, P.T., An Analytically Linearized Helicopter Model with Improved Modeling 
Accuracy, Princeton University Report 1914-T(M.S.E Thesis), Interim Report, 

NASA Grant NAG 2-561, August 1991 

3. Keller, J.D., The Effect of Rotor Motion on the Induced Velocity in Predicting the 
Response of Rotorcraft, Princeton University Ph. D. Thesis, January 1998 

4. MacDonald, B. A., Studies in Helicopter Dynamics Including System Identification 
Using a Linear Model of a 20,000 lb. Utility Helicopter, Princeton University M.S. E. 
Thesis, May 1990 



